In this note, we combine a number of recent ideas to give new results on the graph complement conjecture for minimum semidefinite rank.
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Given an n-by-n real symmetric matrix A = [a ij ], the graph of A is the simple graph on n vertices such that i is adjacent to j if and only if i = j and a ij is nonzero. Given a simple graph G, let S + (G) be the set of all positive semidefinite real symmetric matrices whose graph is G. The real minimum semidefinite rank of G, mr + (G), is the minimum rank among matrices in S + (G). The maximum nullity among matrices in S + (G) is denoted M + (G) [7] . The "graph complement conjecture" suggests that mr + (G) + mr + (G) |G| + 2 for all graphs [3] , where G is the complement of G [6] .
Using • to mean the entrywise matrix product and I the n-by-n identity matrix, a symmetric matrix A satisfies the Strong Arnold Hypothesis if the only real symmetric matrix X satisfying AX = A • X = X • I = 0 is the zero matrix. The Colin de Verdière parameter ν(G) is the maximum nullity over matrices in S + (G) satisfying the Strong Arnold Hypothesis [5, 12] .
A graph G is a k-tree if it is a complete graph on k + 1 vertices or is obtained from a smaller k-tree H by identifying the vertices of a k-clique in H with k vertices of a complete graph on k + 1 vertices. A partial k-tree is a subgraph of a k-tree. The tree-width of a graph G, tw(G), is the minimum width over all possible tree decompositions [6] . The following are equivalent:
where ω(G) is the size of a largest clique in G and a graph is chordal if it contains no induced cycles on more than three vertices [4] . Hein van der Holst and John Sinkovic [12] recently proved
This remarkable result has been used to provide partial positive results for the graph complement conjecture, in particular for graphs with tree-width at most three, partial k-trees that are k-connected, and partial k-trees with Hadwiger number equal to k + 1 [3] .
If v 1 , . . . , v n is a list of vertices of a graph G with the additional property that for each v i there exists a vertex w i of G such that w i is adjacent to v i , but is not adjacent to any v j where j < i and v j is connected to v i in the subgraph of G induced by
The size of a maximal OS-set is denoted OS(G), and mr + (G) OS(G) [8] .
The edge clique-cover number of a graph G, cc(G), is the smallest number of cliques required to cover all edges of G. For a chordal graph C, cc(C) = OS(C) = mr + (C) [8, 10] . We will use N(v) to denote the neighbors of a vertex v and N [v] 
. , v n } be an OS-set of a graph G. There exists a chordal supergraph F of G on the same vertices with n = mr + (F).
Proof. If G is connected, let G 0 = G and V = {v 1 , . . . , v n }. Begin by superimposing a clique C 1 on the subgraph G − {v 1 , . . . , v n−1 } to obtain a graph G 1 . Since this will not add any edge between the vertex w n and a vertex from V , V is still an OS-set for G 1 . Now, let G i be the graph obtained from 
OS(F)
If G is not connected, since both mr + and OS are additive on connected components [8] , apply the above reasoning to each connected component.
Proposition 4. If a graph G contains a clique of size k there exists a matrix A ∈ S + (G) that satisfies the Strong Arnold Hypothesis with rank(
Proof. That ν(G) k−1 follows directly from the minor monotonicity of ν. Alternately, a construction of Shaked-Monderer [11] can be seen to produce a positive semidefinite matrix with the desired properties.
Corollary 5. If G is a perfect graph, then mr
+ (G) + mr + (G) 2(|G| − √ |G| + 1).
Proof. If G is perfect, so is G, ω(G) = χ(G), and ω(G) = χ(G).
Then by Proposition 4 and the original result of Gaddum and Nordhaus [9] , mr
In particular, G satisfies the graph complement conjecture.
Given a coloring of the vertices of a graph G using black and white, allow changing the color of a vertex according to the following rule: if w is the only white neighbor of a black vertex v in the connected component of G\{v} containing w, then color w black. A set of vertices that when colored black can result in all vertices being colored black using the color change rule is a zero forcing set. The size of a minimal zero forcing set,
We are now able to give a short proof for a result of Barioli et al. [1] . 
Proof. By Proposition 3 there exists a chordal supergraph
C of G with OS(G) = cc(C) = mr + (C), so G is a partial (ω(C) − 1)-tree, and tw(G) ω(C) − 1. By Proposition 4, OS(G) = mr + (C) |G| − ω(C) + 1 |G| − tw(G).
